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Q\ ' Abstract 

O , In order to study the "problem of time", Rovelli proposed a model of a 

5^ ' two harmonic oscillator system where one of the oscillators can be thought 

of as a 'clock' for the other oscillator. In this paper we examine a model 
^ ■ where the Hamiltonian is a difference between two harmonic oscillators, and 

. 5t , we consider one of them which has the minus sign as a 'clock'. Klauder's 

projection operator approach to generalized coherent states is used to de- 
fine physical states and operators. The resolution of unity is derived in 
terms of a gauge invariant coordinate. We investigate the 'quantum clock' 
and show that the evolution described by it is identical to the classical 
motion when the energy becomes large. 
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I. INTRODUCTION 

One of the measure conceptual problems in quantum gravity is the "problem 
of time" [1]. In order to study it Rovelli proposed an interesting model of a 
two harmonic oscillator system where one of the oscillators can be thought of 
as a 'clock' for the other oscillator [2]. He showed that the 'clock' can describe 
a natural time evolution, even though the system has a time reparametrization 
invariance. In a similar model Lawrie and Epp studied an evolution which is 
governed by an exact Heisenberg equation, and they considered coherent states 
and introduced a window function to investigate an approximate analytical time 
dependence of the system [3]. Recently, Ashworth utilized Klauder's projection 
operator approach to generalized coherent states [4] for the double harmonic 
oscillator system [5]. Using Marolf's gauge invariant statement [6], he introduced 
'time' by the phase of an oscillator, 'clock', and he showed that the time evolution 
described by the 'clock' agrees with the classical equation of motion when the 
energy becomes large. 

On the other hand it is well known that the gravitational degree of freedom 
has a minus sign in the Hamiltonian of quantum cosmology [7] . The Hamiltonian 
can be written as a difference between two harmonic oscillators in some cases, 
for example, the five-dimensional Kaluza-Klein cosmology by Wudka [8] and the 
minisuperspace model by H art le- Hawking [9] if time variable is redefined and the 
cosmological constant is assumed to be zero. 

In this paper we examine a model where the Hamiltonian is a difference be- 
tween two harmonic oscillators, and we consider one of them which has the minus 
sign in the Hamiltonian as a 'clock'. The projection operator approach to gener- 
alized coherent states is used to define physical states. We deduce a resolution 



of unity with respect to gauge invariant states by virtue of a coordinate trans- 
formation. In the same way physical operators are expressed in terms of gauge 
invariant states and physical symbols. We investigate the 'quantum clock' and 
show that the evolution described by it is identical to the classical motion when 
the energy becomes large. 

In §2 we will consider a model where the Hamiltonian is a difference between 
two harmonic oscillators, and we will use the projection operator approach to 
generalized coherent states in order to obtain physical states. In §3 the resolution 
of unity will be derived in terms of a gauge invariant coordinate. In §4 we will 
project operators to the physical space, and we will define a 'quantum clock' and 
show that the evolution described by it is same with the classical motion when 
the energy becomes large. We summarize in §5. Appendix A is devoted to derive 
the gauge transformation of our system. In Appendix B it will be shown that our 
result of the resolution of unity agrees with that in Ref. [10]. 

II. A MODEL OF TWO HARMONIC OSCIL- 
LATORS 

Let us consider the following action which is a difference between two harmonic 
oscillators: 
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fdtL , 



-^ 



^ / n n-^ \ ^ 
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The action (1) has the time reparametrization invariance, and the Hamiltonian 
reads 

H = X{H,-H2-E) , (2) 



where Hi = ^{pf + u'^qf) , {i = 1,2) . If we define the proper time, t = /q dt'X(t') , 
the classical equations of motion for qi,q2 are g'j = —u'^qi (i = 1,2) , g'j = 
(Pqi/dr"^ . Therefore, gi and g2 are ordinary harmonic oscillators with only one 
exceptional point that g2 has a minus sign in the Hamiltonian (2). 
We write the classical solution of this system as 

ql = A cos{lot + (j)i) , 52 = B cos{—uot + (j)2) , (3) 

where we have assumed that the two harmonic oscillators have opposite depen- 
dence on the proper time. The reason of this assumption is because under the 
gauge transformation, that is the time translation, the phases of the two har- 
monic oscillators are transformed into opposite direction, which is discussed in 
Appendix A.[| Then the classical motion of each harmonic oscillator can be also 
written by another harmonic oscillator as 



qf = A cos (-cos~^^ + 01 + 



'2 
d 



q"^ = 5cos(^-cos-i^ + 0i + 02) . (4) 

This expression shows that either qf or gj' can be used for a classical clock for 
qf or qf , respectively. 

Since the action (1) has no time derivative of A, we get the constraint, 

i7 = , namely Hi - H2 = E , (5) 

which corresponds to the time reparametrization invariance. The equations (3), 
(5) mean that the classical amplitudes of the oscillators must satisfy 

{Alu^ - {Buf = 2E . (6) 



^It was pointed out by Prof. T. Kubota that the phases of two harmonic oscillators are 
transformed into opposite direction under the gauge transformation. 



The consideration in Appendix A suggests that the gauge transformation can be 
written as 

A ^ A + e , 01 -^ 01 - eu;t , 02 — ^ 02 + e^^ • 

Hence in our case the summation of initial phases of the two harmonic oscillators 
01 + 02 is gauge invariant. 

To quantize this model, we impose the canonical commutation relations for 
Heisenberg operators, Qj,Pk , 






i h 5jk , 



Pj , Pk 



(7) 



Provided we define annihilation operators by 



2%^'^^^' 






P2 



then we obtain [a,a^ = [b,b^ = 1 , [a,b] = [a\b^ = 0. From Eqs. (5) and (8) 
the constraint operator can be written as 

^ = a^a- b% - E' , (9) 

with E' = E/hco . 

We start from the the coherent states for the two harmonic oscillators, 



a, (3) 



-(|a|2 + |/3|2)/2 



E 



a^l3^' 



|n, m) , 



(10) 



n,m=o vnWm\ 

where |n, m) = -^^{a})^^^{W)™-\Q,Q) and a,/? are arbitrary complex numbers 
[11]. These coherent states satisfy the properties: 



a\ a, [3) 
(a, /9 I a, /9) 



a\ a, 13) , 
1 , 



b\ a, 13) = (3\ a, 13) 
(fa (P(3 



:u] 



I 
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a, (3) {a, (3 



with (Pa = d{Re a) d{Im a) . Using Eqs. 
element of Qi and Q2 as 

qi{a,P) = {a, (3 \Qi\ a, (3) 

q2{o:,P) = {a, (3 \Q-2\ a, (3) 



(8), (11), we obtain the diagonal 



h 



(/5 + /9) 




(12) 



In the same way as Ref. [5], we utilize Klauder's projection operator approach 
to generalized coherent states [4]. Projecting | a, j3) on the physical states as 



«, (3)phys = V\a, (3) , ^ = / d^i{\) e 



-iA<J> 



(13) 



we have 



a, 13) 



phys 



-(|a|2 + |/3|2)/2 



00 rvnom „ 

E -^rm /rfMA)e"^^(— ^')|n,m) 



3-{|°P+l/3p)/2 y- 



„,m=o Vnwml 



°<^ „,m+m' om 



a™+™ /3^ 



|m + m' ,m) . 



=0 ^/(^Ti + m')\^/m\ 
Here we have set E' = m' = n — m . The norms of these states are 



(14) 



phys{<y, (3 \ a, (3) 



phys 



{a, P \P\ a, (3) , 



-(I"P + I/3P) 



00 \ \2{m+m') \ o\2m 



E 

m=0 



« 



l/5P 



m!(m + m')! 



-{|"P + I/3P) 



/m'(2|a/3|) , 



where we have used the formula [12] 



n=0 



n! (A; + n)\ \x 



- I 4 {x) , 



(15) 



(16) 



and Ik {x) is a modified Bessel function. Normalized pliysical states, | a, P)n.phys 
can be written as 



a, P)n. 



phys 



^j Piphys I y physY^) P \ (^) P/phys 



m' 12 I 



E 



{afiy 



^/m'(2|Q;/9|) m=o y (m + m!y.\fm\ 



III. RESOLUTION OF UNITY 



\m + m', m) . (17) 



As indicated in Appendix A tlie gauge transformation generated by the constraint 
transforms the complex coordinates as a -^ ae*'^ and /9 -^ f3e~^^ . Whence, if 
we define a complex coordinate, ^ = af3 , then C, is gauge independent. Now | ,^| 
is a product of the amplitudes of the two harmonic oscillators, and arg,^ is the 
sum of their phases. We will see that C, is sufficient to describe the resolution of 
unity in the physical space. Let us define the minus of the phase of the second 
harmonic oscillator g2 that has the minus sign in the Hamiltonian (2) as 6 , that 
is /9 = \P\ e~*^ (0 < ^ < 27r) . In principle, any of the two oscillators could 
be used as a 'clock'. However, we will consider the classical limit as when the 
energy becomes large, namely the first oscillator gi becomes large. So we will 
later regard g2 as a 'clock' and 6 as 'time' in this system. We can factor out the 
dependence on 9 from | a, P)n.phys , 



a, (3) 



n.phys 



o 



Am' 6 



o, 



c 



E 



r 



\m + m , m) 



The unity operator in the full phase space can be projected on the physical 



phase space: 

Z' = VZV = /^^ v\ a, P){a, (3\V . (19) 

J TT TT 

Suppose we change the coordinates, 



1/91 ' 
^ = a(3 , 



(20) 



we have 



V 2 lel ' ^ V 2 



where r± = r ± \/^^ + 4|^P , r+r_ = — 4|^p . The absolute value of the 
Jacobian \J\ associated with this change of coordinates is calculated as^ 

l-^l = ; ^ = — , (21) 



where we have defined r = lap + |/9p = Jf"^ + 4|^p , (r > 2|,^|) . Using Eqs. 
(15), (18)-(21), we deduce the resolution of unity, 

^' = —^\{a,f3\V\a,(3)\\0{a, 

J IT IT 

*«'^«^--tl|) /™'(2kl)IO(a. 



Because r = ±Jr'^ — 4|,^p (+ for \a\ > |/9| , — for \a\ < \(3\ ) , we are led to 



^ = /vT^^"'<i^i)l«)<'^i' <''' 



^It is easier to consider the inverse change of coordinates and to derive \J ^\ — 2r than to 
calculate \J\ directly, which was suggested by Prof. T. Kubota. 
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/„.(|^|) = /^*-(,Vr = j^^^dr^==[r- +r 



with r± = r ^ Jr"^ — 4|,^P . Owing to the following formula [13]: 



c^a; ^ \ \ — e P"" = 2a''K^{ap) 

va; — a^ 

( a > , Rep> ) , 

where Ki^ is a modified Bessel function, we can obtain the explicit expression of 

/m'(l^l) as 

u,m = 2{mr'K^im). (23) 

Finally we can derive the resolution of unity, 

I'= - ld\ J™,(2|e|) K^'{2\i\) I 0( e I , (24) 

TX J 

from Eqs. (22), (23). 

Now the constraint equations (6), (9) suggest that the underlying symmetry of 
our model is S'f/(1, 1) . As shown in Appendix B, it is possible to prove that our 
result (24) agrees with the equation (3.22) in Ref. [10] which is the resolution of 
unity for generalized coherent states associated with the Lie algebra of 5'f/(l, 1) . 

IV. PROJECTION OF OPERATORS AND QUAN- 
TUM CLOCK 

According to Ref. [5], let us define a symbol for an arbitrary operator 0{Q,P) 
on the physical space as 

o{q,P)\phys = r, p^^ r, , 25 

\{q, p\V \q, p}\ 



and let us project 0{Q, P) to a well-defined operator on the physical states as 

0{Q, P) \phys = J dfx{q, p) o{q, p) V\ q, p){q, p \V . (26) 

In the same way as the resolution of unity, we can rewrite this equation into the 
form, 

0{Q,P)Uys = / ^o{a,(3)V\a, (3){a,(3\V , 

J n n 

= - fd'Um'{m)Km'{m)o'{0\^){a, (27) 

IT J 

^^' 2(2|e|)™'ir™'(2|e|) J-oo Jo 27r r + ^^' ' ^ ' 

where r and f+ were defined in Eqs. (20), (21). Note that o'(C) is the projected 
symbol and o'{^) = 1 when o{a,l3) = 1 . 

Unless the symbol o(^, f, 6) changes very much with respect to f , the integrand 
of o'{^) {X below) approaches a Gaussian function around r ^ m' , when the 
energy of the system E' = m' becomes large: 



1 



\J'lT\m! 



exp 



[r — m'Y 



2m' 
Here we have used the asymptotic form of K^ in Ref . [14] , 



(2^ 



TT e-^'' 



"""^"'^ ~ iT.JTTW* f"^"")- P^' 



yl + z^ + log 



i + v^TT^ 

and we have assumed f ^ |,^| , m' ^ 1 . Fig. 1 demonstrates the relation 
between X and f , when m' = 10, 100, 1000 and |.^| = 1 . The limit (28) of 

10 



X means that limm,'-+oo /^ dfX = 1 . Thus X becomes a delta function 
6{r — m') in the classical limit. This means that, when m' is large, the projection 
of the symbol satisfies o'{^) ^ Jq"^ ^ o{^,m',9) , and, if the symbol o is gauge 
independent, namely o does not depend on ^ , we have o'{C,) ~ o{^,m',9o) , 
where 9q is an arbitrary constant (0 < ^o < Stt) . 

Fig.l 

For example, let us take Qi and Q2 for 0{Q, P) , then we have 

q'J^) oc / "^ d9 cos{(p+ + 9) = , 
Jo 

r2TT 

qUO oc / d9 cos9 = , 
Jo 



where we have used Eqs. (12), (27) and have defined ^ = \C,\ e'^'^+ . This result 
is rather natural, since the average positions of operators over one period of the 
oscillator are zero [5] . Note that the gauge transformation is 'time translation' in 
this system, we must choose a specific time to avoid this result. 

Following Ashworth, we use Marolf's gauge invariant statement [6], 

dq 



0\q=s 



Jdt J 6[q{t) - s] o{t) . (30) 



Let us consider the second oscillator g2 which has the minus sign in the Hamil- 
tonian as a 'clock', and let us regard the minus of its phase 9 as 'time' in our 
system. So we take q = q2{d) ■, s = i? cos (cjr — ^2) = Qt 5 and we obtain 

0U,=s = J d9^6[q2{9)-B COS {UJT- (1)2)] o{9) , 

'd9 6[9 - {lot - 02)] o{9) = o{ujT - ^2) • 
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This means that we can replace o{S,,r,6)\q^=s by o{^,r,ujT — ^2) , so Eq. (27) 
gives 



o\i.s) = o'iOl 



q2=s ) 



1 /-oo r2TT dQ p-r 



2(2|e|)-'ir„,(2|e|) J-00 Jo 27r r 
Choosing gi as o , we obtain 

^'^(^^"--^ = 2 {2\i\rK^\m) L ^' ~ '" V ^v'^ ^"^^'^^ + ^^" " ^^^^' 

^ COS[0+ + (^r - 02)] , .|^|^ 

u 2(2|e|)™'ir™'(2|e|) ^-'+1/2^1^1^' 

where 0+ is the phase of ^ , and /m.'+i/2(|'Cl) is defined in Eqs. (22) with 
the replacement, m' ^ m' + ^ . Since Eq. (23) means that fm'+i/2{\(,\) = 
2(2|e|)™'+i/'i^„'+i/2(2|e|) , we arrive at 

m\.-s - /!^/^^^:§|f -(..-02+0.). (32) 

In the classical limit E' = m' ^ 00 , the asymptotic form of the modified Bessel 
function (29) gives Km'+i/2{m)/Km'{m) ~ ^^71^1 , and 

l2fi 
q[{0\q2=s ~ \/ — Vm' COS (cur -02 + 0+ ) , 

V CO 

^ A cos ( cijr — 02 + 0+ ) . (33) 

Here A is the amplitude of the first oscillator, and we have used r ^ m' , r ^ \C,\ . 
Note that C, is gauge invariant and its phase 0+ is the same as the initial phase 
sum 01 + 02 • Hence the right-hand side of Eq. (33) is identical to the classical 
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solution qf in Eqs. (3) . Namely, the evolution of the first operator gi described 
by the 'quantum clock' ^2 is identical to the classical motion when the energy 
becomes large. 

V. SUMMARY 

We examined a model where the Hamiltonian is a difference between two har- 
monic oscillators, and we considered one of them which has the minus sign in 
the Hamiltonian as a 'clock'. The projection operator approach to generalized 
coherent states was used to define physical states. We deduced a resolution of 
unity with respect to gauge invariant states . In the same way, physical opera- 
tors were expressed in terms of gauge invariant states and physical symbols. We 
investigated the 'quantum clock' and showed that the evolution described by it 
is identical to the classical motion when the energy becomes large. 

As a future work, it will be interesting to apply the projection operator 
approach to coherent states in order to study the time evolution of the five- 
dimensional Kaluza-Klein cosmology by Wudka [8] and the minisuperspace model 
by Hartle-Hawking [9] when the cosmological constant is zero. 



ACKNOWLEDGMENTS 

The author would like to thank Prof. T. Kubota for valuable suggestions and 
encouragement . 



13 



APPENDIX A 

First we begin by a pair of creation and annihilation operators of a harmonic 
oscillator a\ a which satisfy [a, a^] = 1 . Let us formally define the polar decom- 
position of a as 

a = e^^" \a\ , (Al) 

where \a\ and 9a are the absolute value operator and the phase operator of a , 
respectively [15]. Then the number operator Na = a^a = |ap satisfies 

[Na, e*^"] = -e'^"^ . {A2) 

In the following expansion, 

the left-hand side is equal to A'"a + 1 by Eq. (A2), and the right-hand side becomes 
Na + i[Oa, Na] , bccause [9a, Na] is a c-number. Therefore we obtain 

[Na,ea]=t. {A3) 

Next let us consider another pair of creation and annihilation operators 6^,6 
with [b, 6"''] = 1 , then similar equations as Eqs. (A1)-(A3) hold with respect to b. 
We examine two cases where the Hamiltonian is the sum or the difference of two 
harmonic oscillators. 
Case 1: H+ = hu{Na + iVb - E') 

Since Eq. (A3) means [H^,6a\ = ihu and [H^,9h] = iTiuj , we have 

[H+^Oa + e,] = 2%huj , [H+,ea-e,] = o. (aa) 

Therefore the phase difference 9a — 0^ is gauge invariant, and the phase sum 9a + 0h 
is not invariant in this case. This case was investigated in Ref. [5]. 
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Case 2: iJ_ = hiu{Na - Nb - E') 

Since Eq. (A3) means [H_,6o\ = ihu and [H_,6b] = —ihu , we have 

[H^,9a + 9b] = 0, [H^,ea-eb] = 2thLU . {A5) 

Hence the phase sum 9a + 9b is gauge invariant, and the phase difference 9a — 9b 
is not invariant in this case. 

From Eq. (9), H^ = Tiuo^ , and H^ is the generator of the gauge transfor- 
mation (time translation) of our system. So Eqs. (A5) suggest that the phase 
of each harmonic oscillator transforms into opposite direction under the gauge 
transformation. 

APPENDIX B 

Barut and Girardello [10] derived the resolution of unity for generalized coherent 
states associated with the Lie algebra of SU{1, 1) as 

J'= fda{z) \z){z\ , (Bl) 



a{z) = a{p) pdpdtf , a{p) = ^p(_2$) i^p) ^i+2$(2v^p) , 

where z = pe*''', \z\ = p and —2$ — 1 = 0, 1, 2, ■ ■ ■ . Here we have corrected an 
erratum of a{p) in Ref. [10], namely -ft'i/2+<j> — * -^1+2$- The reason of this is 
because the formula in Ref. [16] was wrong, and it should be replaced by 

/ dx 2a;"+^/s:2(a-/3) (2v^) x'-^ = T{2a + s) r(2/3 + s) . {B2) 

^ u 

This formula can be proved by the integral expression of K,y{z) [17], 
K,y{z) = J^ dt exp {—z cosht) cosh [vt) , a change of the order of integration 
and the following formula [18]: 

■ <^)- 



°^ coshte 2" ^ /uc+b^^ /vc — h^ 

cosh'^cx cFfz/) V 2c 
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We can also easily assure Eq. (B2) in a special case that a = 1/4, (3 = 0, s = 1 , 
using Ki/2{z) = \J-n/2z exp {-z) [19]. 

Let us write the normalized state of |z) as |z)„ , then we have 

\z){z\ = {z\z) \z)nn{z\ , (53) 

{z\z) = r(-2$) g^v3^]!l^ = '!''■ I^,{2V2\z\) , 

where we have used Eq. (16) and have identified m' = —2$ — 1 . If we write 
^ = \plz and \z)nn{z\ = I 0( 'C I 5 then Eqs. (Bl) is identical to Eq. (24) . 
Therefore, we have established that our resolution of unity agrees with that in 
Ref. [10] . 
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Figure Captions 

FIG. 1. The relation between X and f , when m' = 10, 100, 1000 and |.^| = 1 
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This figure "MMC-M-12GRQC-Figl.gif" is available in "gif ' format from: 
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